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Multiscale topology optimization for composite plates undergoing thermal displacement
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The present study proposes a multiscale topology optimization method of cross-section structures that
control the macroscopic thermal deformations of a thick composite plates. The proposed optimization

method is based on the two-scale composite plate model, in which thick plate theory is employed at macro-
scale, while three-dimensional solids are assumed for in-plane periodic microstructures (unit cells) whose
scale is comparable with the plate’s thickness. The process of the in-plane homogenization in a two-scale
analysis corresponds to numerical plate testings (NPTS) to compute the macroscopic fitees sif the

thick plate. In addition, the co-rotational formulation is employed to account for large displacement and ro-
tation of the macroscopic plate structure, whereas material models used in in-plane unit cells, are assumed to
be linearly elastic. The optimization problem that controls a nodal displacement of the macrostructure is se-
lected as numerical examples, and their solutions are provided to demonstrate the capability of the proposed
method.
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Fig. 1 Composite plate with in-plane periodicity
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Fig. 2 Displacement field of thick plate theory
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Fig. 3 Deformation modes imposed on unit cell with

each macroscopic generalized strain
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Table 1 Material parameter for sensitivity analysis

Young's modulu€ Thermal expansion

[N/mn?] codficienta[1/C]
phase-1 1.0x 104 1.0x 10
phase-2 1.0x 10° 50x10°
Clumped In-plane unit cell D "aﬁ?:l:c (T,;)ier:ase-Z)

Design variable=0.5 - a
(a=0.5 = phase-1)

: maximization of distplament
in the X; direction

Uniform temprature
change : AT =100"C

Fig. 7 Finite element mesh of macroscopic plate and in-

plane unit cell for verification of sensitivity analysis
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=2(V-Vo)Vvi (67)
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AMI NIt (5 + As) — M (5

af — (t,/?( ) a,ﬁ( ) (69)
As As

Af _ f(s+As) - f(s) (70)

As As



Table 2 Accuracy of sensitivities for homogenized plate Table 4

stiffness
| B, | abias | abBjas | Error(w) |
Ag1 [N/mm] || 1.271887x 10° | 1.271886x 1C° | 9.42x 1077
Agz [N/mm] || 3.815681x 107 | 3.815653x 107 | 7.35x 10°°
Azo [N/mm] || 1.271887x 10° | 1.271883x 10° | 3.16x 10°°
Ags [N/mm] || 4.451594x 107 | 4.451601x 10% | 1.74x 10°®
B11 [N] 5.299526x 107 | 5.299542x 10? | 2.94x 10°®
B12 [N] 1.589867x 10 | 1.589855x 10 | 7.21x 10°®
B22 [N] 5.299526x 107 | 5.299474x 107 | 9.89x 10°°
Bss [N] 1.854830x 107 | 1.854834x 10% | 2.12x 10°°
D11 [N-mm] || 2.254513x 107 | 2.254506x 10° | 2.94x 107°
D12 [N-mm] || 6.779083x 10" | 6.778963x 10* | 1.77x 10
Doz [N-mm] || 2.254513x 107 | 2.254483x 107 | 1.32x 107°
Dss [N-mm] || 7.831502x 10" | 7.831504x 10' | 3.51x 1077
Hya [N/mm] || 7.208071x 10° | 7.207928x 10° | 1.99x 10°°
Hao [N/mm] || 7.208071x 10° | 7.208195x 10° | 1.72x 10°°

Table 3 Accuracy of sensitivities for generalized ther-

Accuracy of sensitivities for objective function

(a=04)
’ HWHE H Af/As o0f/os ‘ Error(%) ‘
5 -8.48639x 104 | —8.48851x 107* | 2.50x 1072
41 -7.35233x 107 | —7.36093x 10°° | 1.17x 10!
77 1.99233x 1072 | 1.99582x 102 | 1.75x 107!
113 7.24062x 10°% | 7.25253x107° | 1.64x 107t
149 1.38430x 102 | 1.38657x 1072 | 1.64x 10"
185 2.20563x 1072 | 220923x 1072 | 1.63x 10"
Table 5 Accuracy of sensitivities for objective function
(a=0.1)
[=xi | afias ot /ds | Eror%) |
5 —7.43079x 102 | —7.43158x 102 | 1.07x 1072
41 —-458655x 1072 | —4.58704x 102 | 1.06x 1072
77 -9.87628x 107 | —9.87715x 10° | 8.79x 1073
113 2.09744x 102 | 2.09766x 102 | 1.06x 1072
149 5.19739x 102 | 519795x 1072 | 1.09x 1072
185 8.69186x 1072 | 8.69282x 1072 | 1.10x 1072

mal stress
AM"/As | aM™M/ds | Error(%)
(x10%) (x10%
MIM[N/mm] || —3.306898 | —3.306898 | 4.24x 10°°
MI[N/mm] || —3.306898 | —3.306903 | 1.45x 107
MIIN] -1.377873| -1.377874| 1.24x 10°
MIN] -1.377873| -1.377873| 2.98x 10°

ZZT, As XREIEBROERMB/NESETH D, As =
10x107 252 5. 7z, RiKE2LWL=E£F D
EZHA T EDEmoridIkAD LS IcHEH L .

0D,5/05 - AB, /As)|
Error(%) = = % 100 (71)
AD, 4/As |
NI/ - AL/ As|
Error(%) = - x 100 (72)
AN /A |
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Table 6 Material parameters for material pattern(A)

Young'’s modulus

Thermal expansion ¢eent

Thermal stress cfiesient

E [N/mn7] [1/C] B IN/(mn? - C)]
phase-1 Dx 10 50x 107 50x 10!
phase-2 Dx 10 1.0x107° 1.0x 101

Table 7 Material parameters for material pattern(B)

Young's modulus

Thermal expansion ¢eient

Thermal stress cfigcient

E [N/mn?] o[1/C] B IN/(mn? - C)]
phase-1 D x 10° 50x10° 50x 10
phase-2 Dx10° 50x10° 5.0x 10°

Table 8 Material parameters for material pattern(C)

Young’s modulus

Thermal expansion ¢beent

Thermal stress cfieient

E [N/mn¥] [1/C] B IN/(mn? - C)]

phase-1 Dx 10 50x107° 50x 10t

phase-2 Dx10° 1.0x 10°° 1.0x 1¢°
w=0 6,=0 u=0 6=0 Maximum displacement
{”z =0 6,=0 |u3 =0 6,=0 in the X;direction
u; =0 6,=0 6,=0

Ly In-plane unit cell E
'%‘Vlﬂ%‘gé‘;é:ﬁﬂ Deformed

SSWARSS VAR
KA A e

Thickness :
;ﬂﬂ&‘ﬂ“§
SZ

X3

Controll node for optimization
: maximization of distplament
in the X; direction

Uniform temprature
change : AT =100C

Fig. 8 Casel: Macroscopic plate with in-plane unit cell

for numerical example
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Fig. 9 Casel: Deformation of macroscopic plate re-

flecting optimal topology of in-plane unit cell
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Fig. 10 Casel: Optimal topology of in-plane unit cell
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Table 9 Casel: Homogenized platedis@sses and

generalized thermal strain with optimal in-plane unit cell

Material pattern (A) ©
B11 [N] -3.00x101° 1.01x10*
Kiz [N/mm]  -9.04x 10! -589x 10
EP [1/mm] -590x10* -562x107°
Ey -937x10° 114x10°

Table 10 Casel: Maximum displacement of macro-

scopic plate

Material pattern A (©

Maximum displacementfmm] .83 247
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Fig. 11 Casel: Optimal topology of in-plane unit cell

for material pattern(B)
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Fig. 12 Casel: Deformation of macroscopic plate re-

flecting optimal topology of in-plane unit cell for material

pattern(B) (displacement scate30)
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Fig. 13 Case2: Macroscopic plate with in-plane unit

cell for numerical example
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Fig. 14 Case2: Deformation of macroscopic plate re-
flecting optimal topology of in-plane unit cell (displace-
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Fig. 15 Case2: Optimal topology of in-plane unit cell

Table 11 Case2: Homogenized plateffiséiss and gen-

eralized thermal strain with optimal in-plane unit cell

Material pattern ©

1.99x 10°
—4.47x 10°°

B13 [N]
EY [1/mm]
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Fig. 16 Schematic of in-plane unit cell

_ (3, BeEe\ Y1 (22 =5
wz_(E + 2E)2 +(E +sz )Zy2~
+ (E7—§1 Ea)y3 +U o (73)
_(es_ g6 =7 A6 "
w3_(E 2E)y1+(E 2E)y2+u3
LB, mMNORGEEZFHLCUY 2 ET5L,

o OB wWIZHET B R A R ARRD 5135
nas.

q!Ll] = V\Igl] _\N[l—l] — (El + 23E4) |1

o =i~k = 2 (€04 E9)1, (74)

~ 7> ~
=l = (B L))

g =W P = 2 (B4 E9)l,
& = -wh T = (B2 + zE%) I, (75)
= w2 = (E-2E9).

ZIT, HEERIHEINBHE A T[] 1%, Fig.161Z xR L
TVWAERE N LOETHE I L 2E®RT S, L
7oWoT, K@) ZEEALEMB U ITODVWTHMIRDD
2, I70EMWERAMBETEIROEZRAENE R
AThniERWwWZ itk b,

8;0' =0

og=C (s - sth)

& =0yW

with (74) and (75)

(76)

T, 20 ILOTAHAEDENIETRTLI=Y
PV OMENT EERE EDOEMNOHESIMER (74 B
FV@EDOF—2LTExLNE 2, HmEMIC
B9 2% i liGtREEUICHET NI, HKHNE
BIZNHAFEMY 7 bz 7 2 WTRITATRET H 5.
INSDEERE—RIZHIET S Y70 BADT A
EAT=00%HFDE 52522525, HlXX,



Fig.3® Modeliz xtjtn 9 2 Hif —~ b~ 7 v 0§ a%
(E* B2 B® B E° E° E EY
=[E* 000000 ¢ (77
DEIITRETS. §2eHBEEMERNZ

Wl - =

yo i s wil —wht =0 (78)
W WA =0

y2 0 0y W —whd =0 (79)
W2 i =0

LB, TOMWERITEIT> L, RO IKEDEoN
B~ o0 —it s MOUE R (15) D BIFR & D IR D &
5027 5.

Diy = M (80)
INZEEB8E—RIZOWTITS Z & T, HHAAREME
TR E2BONDE I 2ILRDB.

—hH, v 70 —EE 2SR T A E, kA
DEIBANT—REEZ5.

(B & B B B B E g

=fo oo ooo0o0 ¢ (8
AT =1 (82)

OGRS, ROV BOINEY I —
AL IR MU R (B BB E D IR D L Stk 5.

M = —M (83)

¥z, MACAWMERE2G5RD2Z%2FX5L, B
FHANIx 3 2R 721 TERMKRIE A4 U, 2R E
WZhd., 22 TMARDO LS IZa=y b VIZHL, £
KA L H) R Sk 2 AT 5.

W2 N2 2
f f W2y3dy1dy2dy;3 =0 (84)

b2 J-1y72 J-1p2

W2 N2 2
f f W1y3dy1dy2dy;3 =0 (85)

b2 J-l11/2 J-1/2
UEDARERZEHRALTZZ T, ZEBESEERIC
BHCTEDZZENTES. FMIZOWTIE, Xik[12,13]
EBBEI N,

fH8% B : HOEERENLDOMHE

ZIT, BIETHALZRMRICE T 2 HMEL
RIZEHNTZ2HHE L 2EEERIIE T2 2EEIC
MysaMmEOMNEBEOHBRZRRT L. £/,
Za— b VRIZEDSKEFHEZT S DDA (48) (12
R U 2 B RIIEAT 5 ke (2 DWW TS B T 5.

BlL. &ZHDE R
F9, AEETHOESSTOEHREZTS. RQRDE
WzrzREET 5L,
X = TxR, = TR°XS,. (86)

Y755, Fh, ABERe =T, THBDT, &K
FIZATOREZELS ZEHTES.

T=TR" (87)
LROESEL B L
6T = TeoR®' (88)

Y75, EROSR Ik, BRI AR 2D,
JE TR A R D L D B4y & R T RSB AR 2 b L soR &
FAWTERTZ 22T 5. Zoso®iz&nid, & i

X8 = 60® x X} = spinEw®)x§ (89)

ERTZENTED. —H, MUKREZTHR 2H W5
& xR,

6x% = 6R%X = 6ROR° xR (90)
b, koTHX(89), X (90) &b,
spinPw®) = 6R°R (91)

ek, EXE2HVWEE, R (B8)ITHmMHIIZIRAD &
Sk B.
6T = ~T°R%" spingwR) = ~Tspingw®) (92)
22T, & (87) & spingoR) IX KA FRITAITH B 7=,
spinw®)’ = —spino®) TH B Z 2 2 FJH L 7=.
FT, B0 T, R (20) DA XN (92) 2 H W
THRRD LS IcEHEIND.
SUS = 6T (ua +x3—x% - uc) + T (6Ua — SUc)
= —TspinBw™) Xac + 6U, — 6Uc
= spina)sw" + U, — 6Uc

= bzs; (Uab + S:Gy, 1) 6T (93)
ZZ T, it(Q;)OD U, Say Gy i, T0vZEh
Uap = (5ab - %) | (94)
Sa = spin(Xa) (95)
Gub= (,‘?—Uab (96)

ThHbd. 22T, | 1IZ3x3DEEFHTHDE. £z,
spinz) 1%, N @S DEEIZIVRAD &S B H %
Fro.

0 -z V.
SpiNMa) =2z 0 X (97)
_ya )_(a 0



ZZT, Yo ZlZHE2ETHWZ I 70 BIER TS,
AT X DT E U T Xa={Xa, Yar Za} D &£ DI
FAWTWwWa Z izEEaInszw., £/, Gy, Hil
b D& ZE AL N 9 2 #) 1 e R i A S e (] i e A il N 5
NEERITFITHY, TORSIEZOEEPKF
FIT JBE R il D 8% € DAL T HRIE L T AL T 5 [17-19] &
R ClE, MRDESICZDHZRD T WS,

[0 0 s
1 —
Gy 1=z 0 gA Va2 (98)
-= o0
I12
0 0 %3
1 —
Guo=—10 0 Vi (99)
2T 2A
o & o
|12
1 0 X
Gus=5x[0 0 ¥ (100)
0 0

2T, ARBRERZROEBETH D, |l 3B TEEOH X
1L, 22EIMN ORI THE. IS5 DITFIOKAIC
DWTIE, XHR[17-19]% 2T iz .

BRIz, fidaDWUNERER RN bILO S
S, #BEHTELRADLSITHB.

5@ = 6@, — 60" (101)
3
= Z{_éu, pOUp + JapdWp} (102)
b=1
3 [h— —
= {—Gu‘ bt 6ab| }6db (103)

b=

AETRUEZEREZZF LD ERADLSITHS.

=

3
80, = > Papslh (104)
b=1

B = Uap + éc\au b O3
ab — =
_Gu, b 5ab|

(105)

ZZT, T RTORDIHNOTH 5 3Ix3DIFHTH
5. LOEBERNICSD =PsdD & S 1B &, H[H
TR BT DM EREM R Y VS o & 4
IKEERE R D 2B R ML 6d X

6 = Hod = H PTgod = Asd (106)

DEIETRTIENTES. 22T, H, T, AT
NENRAD LS ITEHEL .

H =diag[l Hy 1 H, | Hy] (107)
Te=diagT TTTTT] (108)
A=HPT (109)

B2. R M 4T 5!

%12, Newton-Raphsork iz & 2 KEFEIZ L 0 I
FIE TR % R < 7= 0 OBRANIMEAT 5] %2 B 4 5 [21].
£, RANOLEHEL B L,

6f =6ATT + AT6T (110)

s, EROAOE2HEZBE TS, RAD LS
27 5.

ATsT = ATkASd = kyod (111)

CORNTEREL 2 ky M BHERAMETITH O, &
EREZDMBEMICKEST 2720, RIFRIZEWT
BHWNI=ZYy b LD bRO Y —DHEEGRIZZ)
2IHTH 5.

X (L10) D AL LI I,

SATT = (sTTPH +TT6P'H + TP6H T (112)

D&z b. EROATHEIEIZRAD & 5 12 EBH
IN5.

STTP'H T = —TTspin(f,)Géd (113)
= kerod (114)

DX TEHEU 72 ker 1%, BIEZRMHIMETSHTH D,
RRFERE R CTHKREICIRE L TELT 2N ARS
MLOMEL KL 72T THS. &b, fpldk (105)
X (32) VT fo=PH T, GIl3 (98) = (99), it
(100) % FH\N T G = {Gy1, 05, Gy, 03, Gy, 03} & TN ENAE
HZLTW3.
X501z, RA12)DALHE 2EHIZIAD & 5 I JBH X
ns.
TSP H T = ~T76G spin(fp) P T od (115)
= kgpod (116)
Z DFFH kep IZERIZELNBEHTH Y, Ayad
MW ERR RS REGE, ZOBGENIEZIH
BmWATEEM B H D S BH[18]. DD, MM Y
LD ZOHEERD ZHEH[27] & H B DY, KFFED
WL THREMEIZODVWTRINKEBEEIZKRE RS

Boadolzd, 2TNSDEBRRERMAT 5.
g, RA12)OLAUEIEIZRRNDO LSRR S,

TR 6H T = TTﬁTa% [F7|APTad @)

= keuod (118)

cr< %[HT?] HRRDE S CREETE S,

% [FTT] - {n [(ETm) 5+ 0 — 2m§T]

+uspin@)?me’ — %spin(n_‘l)} (119)



CZTpRAGBYTERELAEBRETHY, n FIRAD
LoITkdr.

522 +4cosh, +0using. —4 1 L1 (120)
p= - R
45‘:14 sir? (%a) 360 7560

DExzedse, RAL)ELOH N2 MV D%
o of ik, R 11y KX (114) R (116) R (118)
ZHWT

st = krod (121)

kT = kM + kGR + ka+ kGM (122)

LB, BB, TOREKEERITE T D ERRMIMEAT S
ke 139X BRAT 41T d % A%, Nour-Omid 5 [28] D # 4 T
&, 2 OEMRBITELT S O S D AR NIE DS D,
Newton-RaphsoD K 5t B O K EE LR W& Sbh
TW5., TOEORMETIIBEED b, BEREIMEST
&ML LZRREAVWDE Z 22T 5.

kY™ = %{kT + ki) (123)

S
(1) K#EEE, AM #HaRohZ.
(2 mlE =, RI—0, WA, bR Y —Ki#EL,
HAGHR L2, &, 2013 pp. 92-98
Nishiwaki, S., Frecker, M.l., Min. S., Kikuchi, N., Homog-
enization optimization of compliant mechanisms using the

©)

homogenization methodhternational Journal for Numer-
ical Methods in Engineering/ol. 42, 1998, P. 535-559.

Kolestar, E.S., Allen, P.B., Howard, T.H., Wilken, J.M.,
Boydston, N., Thermally-acutuated cantilever beam for
achieving large in-plane mechanical deflectiortsin Solid
Films, Vol.355-356, 1999, pp.295-302..

Bendsge M.P. and Kikuchi,
topologies in structural design using a homogenization
method ,Computer Methods in Applied Mechanics and En-
gineering Vol. 71, 1988, pp. 197-224.

“

N., Generating optimal

®)

Yang R.J.and Chuang, C.H., Optimal topology design us-
ing linear programingComputeré Structures\Vol. 52, No.
2,1994, pp. 265-275

6

Bendsge M.P. and Sigmund, O., Material interpolation
schemes in topology optimizatioAychive of Applied Me-
chanics Vol. 69, 1999, pp. 635-654

™

Murat, F. and Tartar, L., Optimality conditions and homog-
enization,Research Notes in Mathematisdfl. 127, 1988,

pp .1-8.

Rodrigues, H., Guedes, J.M. and Bendsoe, M.P., Hierarchi-
cal optimization of material and structur8tructural and
Multidisciplinary Optimization Vol. 24, No. 1, 2002, pp.
1-10.

®

©

(10) Huang, X., Zhou, S.W., Xie, Y.M. and Li, Q., Topology
optimization of microstructures of cellular materials and
composites for macrostructur€omputational Materials
ScienceVol. 67, 2013, pp. 397-407.

(11) Niu, B., Yan, J. and Chen, G., Optimum structure with
homogeneous optimum cellular material for maximum fun-
damental frequenctructural and Multidisciplinary Opti-
mization Vol. 39, No. 2, 2009, pp. 115-132.

(12) SFHBE /R, Filkdk, (WARRA, WEKEM, &
EWORRIE < IV F A — VR O 72 8 O BE T4
AR BR, B8 T4 4G SCEE, No.20150001, 2015.

(13) Terada, K., Hirayama, N., Yamamoto. K., Muramatsu, M.,
Matsubarga, S. and Nishi., S., Numerical plate testing for
linear two scale analyses of composite plates with in-plane
periodicity, International Journal for Numerical Methods
in Engineering Vol. 105, 2016, P. 111-137.

(14) Terada, K., Kato, J., Hirayama, N., Inugai, T. and Ya-
mamoto, K., A method of two-scale analysis with micro-
macro decoupling scheme: application to hyperelastic com-
posite materialsComputational Mechani¢d/0l. 52, 2013,
pp. 1199-12109.

(15) B HUKFE, INEEHEW, mE A, SFHB R, &
BERINVFRAT =)V NRB Y —RELTFE L #F
Mg B TR D RE, R LY 25 &, No.
20130022, 2013.

(16) Kato, J., Yachi, D., Terada, K. and Kyoya, T., Topology
optimization of micro-structure for composites applying a
decoupling multi-scale analysiStructural and Multidisci-
plinary Optimization Vol. 49, 2013, pp. 595-608.

(17) Yang, J.S. and Xia, P.J., Finite element corotational for-
mulation for geometric nonlinear analysis of thin shells
with large rotation and small straigcience China Tech-
nological Sciences/ol. 55, No. 11, 2012, pp. 3124-3152.

(18) Felippa, C.A. and Haugen, B., A unified formulation of
small-strain corotational finite elements:l. TheoGpm-
puter Methods in Applied Mechanics and Engineerivig.
194, 2005, pp. 2285-2335.

(19) Battini, J.M. and Pacoste, C., On the choice of local ele-
ment frame for corotational triangular shell eleme@sm-
munications In Numerical Methods In Engineeringl.

20, 2004, pp. 819-825.

(20) Bergan P.G. and FelippaC.A., A triangular membrane
element with rotational degrees of freedor@omputer
Methods in Applied Mechanics and Engineesingol. 50,
1985 pp. 25-69

(21) Felippa C.A., A Study of Optimal Membrane Triangles
with Drilling Freedoms Center for Aerospace Structutes
report CU-CAS-03-02 2003



(22) Battini, J.M. and Pacoste, C., On the choice of the linear
element for corotational triangular sheommunications
In Numerical Methods In Engineerinyol. 195, 2006, pp.
6362-6377.

(23) Gao, T., Zhang, W., Topology optimization involv-
ing thermo-elastic stress loadStructural and Multidisci-
plinary Optimization Vol.42, 2010, pp.725-738.

(24) Stolpe, M., Svanberg, K., An alternative interpolation
scheme for minimum compliance topology optimization,
Structural and Multidisciplinary Optimizatign Vol.22,
2001, pp.116-124.

(25) Borrvall, T., Topology optimization of elastic continua us-
ing restriction,Archives of Computational Methods in En-
gineering, Vol. 8, No. 4, 2001, pp. 351-385.

(26) Svanberg,K., A class of globally convergent optimiza-
tion method based on conservative convex separatable ap-
proximation SIAM Journal on Optimizatign/ol.12, No.2,
2002 ,pp.555-573.

(27) Pajot, J. M. and Maute, K., Analytical sensitivity anal-
ysis of geometrically nonlinear structures based on the co-
rotational finite element methoHinite Element in Analysis
and DesignVol. 42, 2006, pp. 900-913.

(28) Nour-Omid, B. and Rankin, C.C., Finite rotation analy-
sis and consistent linearization using project@smputer
Methods in Applied Mechanics and Engineerinvgl. 93,
1991, pp. 353-384.



