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SUMMARY

The present study addresses a layout design of rockbolts for reinforcing natural ground structures applying
a special optimization method, called multiphase layout optimization. Rockbolts are used to tighten loosed
natural ground, and the layout of rockbolts are determined without sufficient information about the physical
properties of the ground materials. Because of this uncertainty, unexpected deformation often occurs at the
excavation surface of natural ground. In that case, it is requested to determine an effective layout of the
additional rockbolts promptly with respect to the actual deformation at the construction site. However, it is
not easy to determine the optimal layout because of its complexity, and consequently, it has no choice but to
determine the layout in an empirical way.

This study introduces a numerical approach to determine an optimal layout of rockbolts with respect to
arbitrarily possible deformation of natural ground. The objective is to maximize the stiffness of the over-
all ground structure reinforced with rockbolts. For optimization, a gradient-based optimization scheme is
applied because of its numerical efficiency. It was verified from a series of numerical examples that this
method has great potential to improve the stiffness of the overall ground structure and shows a certain
applicability to a practical design. Copyright © 2013 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Rockbolt tunnel support has been widely employed in the New Austrian Tunneling Method (NATM),
the representative construction method for building tunnels. The mechanism for reinforcing natural
ground is to integrate the ground by the tensile strength of rockbolts cast into the ground and to increase
the stiffness of the integral structure to prevent collapse of the natural ground.

Although much experience has been accumulated with rockbolt tunnel support, the problem in
designs is how to determine the layout of the rockbolts without sufficient information about the physi-
cal properties of the ground material. For instance, with regard to the NATM, as it is difficult to obtain
the material properties of natural ground that stands apart from the reclaimed surface, the usual method
for determining the layout is to roughly classify the natural ground by using the insufficiently known
physical properties of the ground materials and then to choose the most suitable layout pattern for the
conditions from the standard layout patterns of tunnel support systems determined by past experience
and performance. In the layout patterns, called ‘the standard layout patterns of tunnel support system’,
the rockbolts are cast into natural ground with the same length, placed radially with equal spacing, and
are said to present an effective layout against isotropic ground pressure.
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However, the stress condition of the natural ground during excavation of the tunnel is rather sub-
jected to anisotropic ground pressure because of the influences of the initial ground pressure before
digging, biased ground pressure from the surrounding geography, strength and discontinuous surfaces
of the bare rock, and furthermore, from ground water. For instance, tunnels with comparably less
overburden will be dominated by vertical ground pressure, and large cross-section tunnels tend to be
dominated by the stress from the sides and from underneath. Furthermore, unexpected deformation at
the excavation surface often appears because of these anisotropic pressures at an actual excavation site.
In that case, additional casting of rockbolts is necessary to reduce the deformation. However, it is not
easy to find out the cause of the deformation and to determine promptly the effective layout of rockbolts
at the construction site in reality. Consequently, the layout of the additional rockbolts is determined by
an empirical approach, which may not be mechanically effective. For this reason, it has been expected
to develop a system that enables to numerically determine an optimal layout of rockbolts with respect
to arbitrarily possible deformation of natural ground. Of course, this system will be applicable not only
for tunnel support systems but also for other reinforcement works, such as reinforcing slopes.

The purpose of this study is to introduce a numerical approach to determine an optimal layout of
rockbolts with respect to arbitrarily possible deformation of natural ground. The objective is to max-
imize the stiffness of the integrated structure of natural ground including rockbolts for reinforcement
works. The present study solves this problem by structural optimization using a finite element method.
One of the difficulties in this approach for our problem is how to discretize the domains of rockbolts
and natural ground simultaneously. Thickness of a rockbolt is very thin compared with the size of nat-
ural ground; this results in a very complex and fine finite element mesh when a general finite element
is employed. To resolve the difficulty, we apply a special numerical approach called ‘multiphase layout
optimization’ [1, 2].

Multiphase layout optimization has been developed to simultaneously optimize type, thickness, and
layout (overall design) of fiber reinforcement to improve stiffness and toughness of fiber-reinforced
composites. One of the features of the method is to discretize the fiber reinforcement by using special
finite element called an embedded reinforcement element [3–8], by which it is possible to build com-
posite material models with highly realistic mechanical behavior and to easily handle alteration of the
layout of the reinforcement.

This study determines the most appropriate layout of rockbolts, by substituting rockbolts for the
fiber reinforcement and by changing the thickness and length of the rockbolts. To accurately reflect
the mechanical behavior of the natural ground and rockbolts, it is necessary to build three-dimensional
structure models considering influence by cracks in the natural ground, evaluation of the strength, slip-
page between rockbolts and the natural ground, or materially nonlinear behavior of mortar to be filled
in between a rockbolt and the natural ground. However, as this study is at the basic stage of applying
the multiphase layout optimization to the layout of rockbolts, we use a linear elastic material model for
simplification and in addition, limit to two-dimensional plane problem. Also, we exclude the influence
of shotcrete (sprayed concrete) and assume ideal conditions with no slippage between rockbolt and the
natural ground.

In the following section, we simply explain the finite element formulation by using the multiphase
layout optimization and embedded reinforcement element. Then we describe the optimization prob-
lems for this study and the process of deriving the sensitivity. With regard to the method to solve the
optimization problem, a gradient-based method is employed along with a method of moving asymp-
totes [9–11], which is robust and reliable for numerical analysis. Finally, the possibility of application
for actual design is verified by a series of numerical examples, where not only the layout optimization
of rockbolts for the NATM but also for reinforcing slopes are demonstrated as an example of other
reinforcement works.

2. MULTIPHASE LAYOUT OPTIMIZATION

2.1. Outline

Structural optimization is a method to improve mechanical behavior of a structure by minimizing or
maximizing the values of an objective function, defined for mechanical performance such as stiffness
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Figure 1. Classification of structural optimization: (a) topology optimization, (b) shape optimization, and
(c) size optimization.

of a structure, loading capacity, and natural frequency, using the numerical approach. Structural opti-
mization can be generally classified into three categories as shown in Figure 1. Topology optimization
is to determine the topology of the structure; shape optimization is to determine the outer or inner shape
of a structure by preserving the topology; and size optimization is to determine the most appropriate
dimensions of the constituent parts. Each relates to the geometry of a structure.

On the other hand, there is an additional category of material optimization, which is to determine the
optimal types and layouts of constituents. Multiphase layout optimization [1, 2] is one of the material
optimization methods and can simultaneously optimize the types, thickness, and global layout of the
fiber reinforcement to improve the toughness and stiffness of fiber-reinforced composites, as previ-
ously mentioned. The method is a combination of multiphase material optimization [12] and material
shape optimization [13]; the former optimizes the types and thickness of the fiber reinforcement, and
the latter optimizes global layout including the curve profile. The present study substitutes rockbolts
for the reinforcement and handles their length and thickness in 2D as the variables.

In this paper, we give a brief outline of multiphase material optimization and material shape opti-
mization and would like to refer the reader to the literature [12, 13] for further reading on the details
thereof.

Superscripts such as .�/r and .�/b used in this paper mean the terms of natural ground and rockbolts,
respectively. Also, simplified expressions such as .�/rCb D .�/r C .�/b are used. Subscripts such as
.�/L and .�/G denote the values of axial directions of the rockbolts defined by the local and global
coordinate system respectively, but .�/G will be omitted for simplicity unless special necessity arises.

2.2. Multiphase material optimization

This section introduces a two-phase material optimization. The present methodology is strongly
related to topology optimization, in particular to the Solid Isotropic Microstructure with Penalization
of intermediate densities for a one-phase material, the so-called SIMP approach [14], [15],
and to its generalization to multiphase topology optimization [16], for example, used for
composite structures.

In the SIMP approach, normalized density (porosity) �=�0 .0 6 �=�0 6 1/ is taken as the design
variable, and the intermediate densities are used as mathematical vehicle to relax the ill-posed problem
during optimization, see Figure 2 (a). The exponent � plays the role of a penalization factor without a
physical meaning eventually leading to a pure or at least an almost pure 0–1 layout for a single material
structure as depicted on the left side in the figure.

The same concept for topology optimization can be utilized if two (or more) phases exist, that is,
when the void phase is replaced by a second solid material, see structure shown in Figure 2 (b). In this
case, the effective linear elastic coefficient C is written as follows.

C D .1� s�/C1C s
�C2, (1)

where C1 and C2 (C1 6 C2) are linear elastic coefficients of phase-1 and phase-2, composing solid
phases respectively. And s (0 6 s 6 1) indicates a design variable and designates a volume fraction of
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Figure 2. Concept of multiphase material optimization (a) single material topology optimization with SIMP
approach and (b) multiphase material optimization (two-phase).

phase-2 in a finite element. As the literature [12] premises the use of a general rectangular element as
a finite element, the design variable s is defined as follows;

s D r=r0, (2)

where r0 and r show the height (or width) of a side of a finite element and the actual height (or width)
of phase-2 in the element. For instance, if the volume fraction of phase-2 is zero, (i.e., s D 0) the
entire element is occupied by material of phase-1, and contrarily in the case of s D 1, it is occupied by
material of phase-2, and in the case of 0 < s < 1, a mixture of phase-1 and phase-2 appears.

Here, note that as this study employs the embedded reinforcement element introduced in Section 3,
the equation for effective linear elastic coefficient slightly differs from Equation (1), which premises
the use of general finite elements.

The embedded reinforcement element is a special element superposing stiffness of reinforcement
considering position, inclination, and length of reinforcement onto the finite elements of the matrix.
That is, we consider by separating the material of natural ground and rockbolts, and artificially apply
the concept of two-phase material optimization to the rockbolts. In this case, phase-1 is a non-existent
material, and phase-2 is the rockbolts. After substituting C1 D 0 for the non-existent material and
replacing C2 with the elastic coefficient of the rockbolt Cb to match an equation to be introduced later,
Equation (1) with respect to the uni-axial elastic material coefficient Cb

L will be arranged as follows
because the rockbolts are considered to be one-dimensional.

CL D s
�.C2/L D s

tCb
L, (3)

where CL is an effective uni-axial linear elastic material coefficient of the rockbolts and st D r=r0
(06 st 6 1) is a design variable representing thickness of a rockbolt. Meanwhile, r0, r in the equation
are the maximum thickness of the rockbolt in the embedded reinforcement element (known) and the
actual thickness respectively, which are to be introduced in Section 3. In this case, based on our artifi-
cial assumption of the rockbolt as two-phase material, it is clear that the effective elastic coefficient of
the rockbolt is proportionate to the thickness of the rockbolt, and as a result, it is possible to handle it
as �D 1. Then, in the case of st D 0, the stiffness of the rockbolt becomes zero, which means that no
rockbolt is embedded, and in the case of st D 1, the rockbolt with the maximum thickness r0 exists in
the element. In other words, the present optimization problem turns out to be simply ‘thickness opti-
mization’ in the embedded reinforcement elements. According to this concept, the optimized thickness
of the rockbolt can be determined, and if the thickness is zero, no rockbolt is to be used, that is, the
number of rockbolts can be decreased. Figure 3 shows this situation for introducing the design variable
st to the embedded reinforcement.

2.3. Material shape optimization

Discretizing thin linear reinforcement such as rockbolts together with a matrix using general finite ele-
ments will create a very complicated element mesh. It is also hard to handle such a finite element mesh
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Figure 3. Patches of embedded reinforcement elements.

because it is necessary to regenerate a complicated finite element mesh whenever the layout of the
rockbolts is changed in the process of the optimization calculation. So it is common to handle the com-
posite material as homogeneous anisotropic material for simplification and to employ material models
on the assumption that the volume fraction of reinforcement material in a finite element and the angles
of the fiber reinforcement regarded as the variables for each element [17]. However, as in this type of
material model, it is hard to express the exact position of the reinforcement in the elements, and as the
reinforcement exhibits discontinuity between adjacent elements, the material model is considered to
be mechanically poor in reality.

To solve these problems, material shape optimization, presented in this section, is developed. The
material shape optimization is designed to avoid mesh dependency on the elements of the matrix by
defining the layout of the reinforcement on the global coordinate system, and as the result, continu-
ous exhibition of reinforcement between elements is made possible. Specifically, global layout of the
reinforcement is first parameterized by a function, then the parameterized global layout is embedded
into the global structure defined by the global coordinate system, and the layout of the reinforcement is
controlled by changing the coordinates of the control point that defines the shape of reinforcement in a
parametric space. Incidentally, although the literature [13] studies reinforcement with a curved profile,
our study assumes reinforcement with a straight line considering the actual layout of the rockbolts in
site. As the result, it is possible to optimize the length, angle, and position of the straight reinforcement
by applying this concept.

For reference, a concept diagram of the straight line rockbolts embedded into a structure is shown
in Figure 4. Here, when a domain of the entire structure is exhibited in a parametric space as sl

(0 6 sl 6 1), the coordinates of normalized control points, p0 and p1, are defined as design vari-
ables to determine the actual layout of the rockbolts on the global coordinate system, by which the

Figure 4. Concept diagram of applying the material shape optimization to a straight-lined reinforcing
material.
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lengths of rockbolts can be changed. At this point, the position vector of a j th control point pj is
expressed as follows.

pj

�
sl

x,j , sl
y,j

�
D O . Ox, Oy/C

�
sl

x,jL
x, sl

y,jL
y
�

, (4)

where O indicates the coordinate origin of the structure, and Ox and Oy are the global coordinates cor-
responding to it. L denotes the outer length of the structure, and the small letters of x and y attached
to L and s mean the direction of each. At this point, an arbitrary position vector p of a rockbolt on a
global coordinate system is expressed as follows.

p.# , sl/D .1� #/p1

�
sl

x,1, sl
y,1

�
C #p2

�
s1x,2, sl

y,2

�
, (5)

where # (06 # 6 1) shows the local coordinate of the rockbolt.
After determining a global coordinate of a rockbolt, intersection coordinates in the global coordi-

nate system at the rockbolt with the boundary of an element of the natural ground is determined. Then
by mapping the intersection coordinates on the natural coordinates of an element, the stiffness matrix
of the embedded reinforcement element can be calculated. This mapping procedure is called nonlin-
ear inverse mapping. Due to space limitation of this paper, please refer to the literature [13] for the
sequence of the process and details thereof.

Multiphase layout optimization is employed to solve the two optimization problems of multiphase
material optimization and material shape optimization simultaneously. Please refer to the literatures
[1, 2] for details of the process to solve the problem.

3. FINITE ELEMENT FORMULATION CONSIDERING EMBEDDED
REINFORCEMENT ELEMENTS

Embedded reinforcement elements have been used for a long period since their development by
Phillips and Zienkiewicz [8]. The authors found no examples applying embedded reinforcement
elements to rockbolts; however, they are applied to structures or material equipped with straight
reinforcement such as fiber-reinforced concrete or underground piles. Balakrishnan and Murray [3]
verify the reliability of embedded reinforcement elements by comparing the experimental values of
reinforced concrete.

An embedded element consists of reinforcement and a matrix as shown in Figure 5, and stiffness of
the reinforcement is to be superposed on stiffness of the matrix. At first, displacement of reinforcement
is defined according to that of the matrix as follows.

ub
L D u

r
L, (6)

Figure 5. Patches of embedded reinforcement elements.
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where ub
L and ur

L stand for displacement fields of a rockbolt and the natural ground, respectively, to the
axis direction of the rockbolt at an arbitrary point on the rockbolt. Also, the strain of a rockbolt can be
defined as follows.

"b
L D "r

L„ƒ‚…
T "1"

r
G

, (7)

where T " is a matrix to transform strain vector "G in a global coordinate system at plane stress
condition to the strain vector "L in the local coordinate system. T "1 designates the first row of the
transformation matrix T ". In the embedded reinforcement element, reinforcement does not have its
own finite element and nodal degrees of freedom. Instead, the displacement and strain in reinforce-
ment is measured by commonly using the nodal displacement vector of the element for the matrix.
Therefore, it should be noticed that the layout of the reinforcement does not depend on the mesh.
However, as reinforcement is defined as lD model to the axis, the stiffness orthogonal to the axis and
the shear stiffness are not considered.

When the virtual work using embedded reinforcement elements is expressed as ıW , ıW can be
divided as follows.

ıW D ıWint � ıWext D ıW
r

intC ıW
b

int � ıWext D 0, (8)

where ıW r
int and ıW b

int represent the virtual work by internal force of the natural ground and rock-
bolts, respectively, and ıWext denotes the virtual work by external force. Equation (8) is rewritten more
specifically as follows.

ıW rCb D

Z
�rCb

ı" W � d�rCb �

Z
�rCb

ıu � Ob d�rCb �

Z
�

ıu � Ot d� D 0, (9)

where � and " stand for Cauchy stress tensor and linear strain tensor, respectively. Ob and Ot are the body
force vector and the traction force vector, respectively. ıu indicates the virtual displacement field. �
and � denote the domain of a body and a traction boundary, respectively. Also, it should be noticed
that Equation (9) applies to both domains of natural ground and the rockbolts. Further, the internal
virtual work of rockbolts in the aforementioned Equation (9) can be simplified by a 1D expression by
using the local coordinates system as follows.

ıW b
int D

Z
�b

ı"b
L�

b
L d�b D

Z
�b

ı"r
L�

b
L d�b. (10)

In this study, the displacement field of natural ground is discretized by using the shape function N
assuming 8-node rectangular elements,

uD

nrX
kD1

Nkd
k or uDNd . (11)

In the aforementioned equation, d is a nodal displacement vector of an element. Also, the local
strain of a rockbolt "b

L can be rewritten as follows

"b
L D T

"
1"

r
G D T

"
1B

bd . (12)

By these equations, the virtual work equation (9) can be discretized as follows

ıW D ıW r
intC ıW

b
int � ıWext 8 ıd

D

neleX
eD1

ıdT

2
66666664

Z
�r

B rT
� rd�r

„ ƒ‚ …
f r

int

C

Z
�b

BbT �
T "1
�T
�b

L d�b

„ ƒ‚ …
f b

int

�

Z
�

N T Ot d�

„ ƒ‚ …
f ext

3
77777775
D 0, (13)
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where the body force vector Ob is neglected for simplicity without loss of generality. nele denotes the
number of finite elements.Br andBb indicateB-matrix for the natural ground and the rockbolt respec-
tively. As Br and Bb are the same function, there is no need to distinguish them from each other here.
However, the former relates to the integration points of the natural ground and the latter to integration
points of the rockbolts. As the difference in this regard will influence future derivation of the sensitiv-
ity, they are distinguished here. f r

int and f b
int indicate the internal force vector of the natural ground

and the rockbolts respectively, and f ext denotes the external force vector.
Finally, the linear stiffness equation of the finite element method using the embedded reinforcement

elements is expressed as follows.

K d D F , (14)

with

K DK rCK b

D

neleX
eD1

2
4Z
�r

BrT
CrB rd�rC

Z
�b

BbT
Cb

GB
bd�b

3
5 , (15)

F D

neleX
eD1

f ext, (16)

where K is the global stiffness matrix, K r and K b are the stiffness matrices of the natural ground and
of rockbolts respectively, and F is the load vector of the global structural system. Cb

G is an elastic
coefficient of the rockbolt expressed for the global coordinate system and is given by the following.

Cb
G D

�
T "1
�T

Cb
LT

"
1. (17)

The effective elastic coefficient to the axis direction of the rockbolts CL expressed in Equation (3)
does not appear in the aforementioned equation. Actually, to simplify Equation (15), CL is divided and
a design variable st in Equation (3) is transferred into d�b of Equation (15). So it should be noticed
that the stiffness is equivalent to the case using an effective elastic coefficient CL.

4. ROCKBOLT LAYOUT OPTIMIZATION PROBLEM

4.1. Setting of optimization problem and process to solve

In this section, a rockbolt layout optimization problem with equality constraint is formulated. The
objective function thereof is indicated as f .s/, equality constraint as h.s/ and the design variable
vector as s. s indicates a state in which two design variable vectors of thickness and the normalized
coordinate at the endpoint of the rockbolts, st and sl, are arranged in a row. st is assigned to each
rockbolt, and the thickness of a rockbolt does not vary along with the axis. Hereafter, design variable
is expressed by s for simplification unless specifically needed.

In this study, the stiffness of the entire underground structure including the natural ground and the
rockbolts is maximized under a condition that the total volume of the rockbolts used in the whole struc-
ture is held constant. Generally, a maximization problem for the stiffness of a structure is handled as
mechanically equivalent to the minimization problem for strain energy of the structure. This concept is
sketched in Figure 6(a). Although this approach improves the overall stiffness of the whole structure in
an average sense under a certain load, it is not intended to maximize stiffness for lessening deformation
at a specific location. However, in the case of tunnel digging, far larger deformation exceeding prior
assumptions may happen occasionally on the tunnel ceiling or side walls. For such cases, layout of
rockbolts to restrain the deformation at a minimum level must be determined with urgent priority. In
such cases, the most significant deformation location is to be determined as the displacement-controlled
point on the structural analysis and finding out a layout of rockbolts to ‘maximize’ the strain energy
can maximize the stiffness of the entire structure, see the sketch shown in Figure 6(b).
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F F

F̂ 0F

optF

d dd̂optd 0d

optK

optK
0K

0K

(b)(a)

laitinilaitini

optimized

optimized

Figure 6. Strategy for maximization of stiffness. (a) minimizing strain energy under constant load level and
(b) maximizing strain energy with keeping displacement at displacement-controlled point constant.

In consideration of the aforementioned text, this study employs an approach to maximize the strain
energy with respect to the corresponding component of displacement vector at the displacement-
controlled point, that is, the latter approach. The optimization problem of this study is described
as follows.

minimize f .s/D�

Z
�rCb

"T � d�rCb, (18)

subject to h.s/D

nb
eleX

mD1

Z
�b
�

jJ bj„ƒ‚…
str0l

d�b
� �
OV D 0, (19)

st
L 6 st

i 6 st
U i D 1, : : : ,nt

s, (20)

sl
L 6 sl

i 6 sl
U i D 1, : : : ,nl

s, (21)

where � means natural coordinate space and jJ bj expresses the determinant of Jacobian matrix of rock-
bolts. r0 signifies the maximum thickness of the rockbolts as mentioned earlier and fixed as constant to
the length direction. l indicates the length of a rockbolt in the embedded element as shown in Figure 3
and depends on design variable of sl. OV denotes the prescribed total volume of rockbolts in the entire
structure, sL and sU are the lower and upper bounds of design variables, and ns indicates the number
of design variables. Superscripts t and l on s and ns mean the terms related to the design variable
st and sl, respectively. nb

ele is the total number of elements for the natural ground having rockbolts,
and varies according to changes of length and position of rockbolts during optimization. Further, as the
optimization problem is set to minimize the objective function, we converted the strain energy to a neg-
ative number in Equation (18). Here, for reference, the optimization process is illustrated in Figure 7.
As this study applies a gradient-based optimization algorithm, the sensitivity with respect to design
variables of the objective function and constraint, rsf and rsh, must be gained. The sensitivity thus
obtained is incorporated into the optimization algorithm to produce the optimization solution at that
point, and then the calculation is to be continued until converged. In the following section, a method
to derive the sensitivities of the objective and constraint functions is described.

4.2. Calculation of sensitivity coefficients

4.2.1. Sensitivity of objective function. The objective function in this study f depends on not only
design variable s but also displacement d , and further, the displacement d depends on design variable
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Figure 7. Process to solve the optimization problem.

s. From this, the total derivative of objective function, f D f .s,d/, with respect to design variable s
is shown as follows by the chain rule,

rsf .s,d/D
@f

@s
C
@f

@d

@d

@s
,

Drex
s f Crdf

Trsd , (22)

where rex
s .�/ means a differential term gained explicitly. As the nodal displacement vector d is an

unknown factor in the structural analysis, the differentiation with respect to design variables, rsd ,
cannot be directly obtained. Thus, the virtual work equation (13) is differentiated with respect to the
design variable s to derive rsd indirectly. As the optimization problem in this study is a compara-
tively simple linear problem, the term of rsd is deleted by applying the related equation, and finally,
the following simple sensitivity equation is derived.

rsf D�d
TrsKd . (23)

As shown in this equation, the differential term is only a rsK , which is gained explicitly, and thus, the
sensitivity of the objective function can be calculated easily. The process to achieve Equation (23) is
described in detail in Appendix.

4.2.2. Sensitivity of equality constraint. As the equation of the equality constraint condition (19) does
not depend on displacement d , the derivative of the equality constraint with respect to the design
variable s is shown as follows.

rshD
dh.s/

ds
. (24)

As this is obtained explicitly, the sensitivity of the equality constraint is written as the following
equation,

rshD

nb
eleX

mD1

Z
�b
�

.rsjJ
bj/ d�b

� . (25)
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5. EXAMPLES OF OPTIMIZATION CALCULATION

In this section, applicability of the proposed optimization method for the layout of rockbolts is veri-
fied with two numerical examples: one for rockbolts for tunnel support of NATM, and the other for
reinforcing side slopes.

5.1. Optimization of layout of rockbolts for NATM

5.1.1. Conditions of analysis. Figure 8 illustrates the assumed ground structure model. In this exam-
ple, a cross-section of a round-face tunnel excavation is adopted for simplicity. Embedded reinforce-
ment element based on 8-node quadrilateral element is applied and the total number of the element
is 864. All the materials are assumed to be linearly elastic, and the material properties are shown
in Table I.

Layout of rockbolts before optimization is set in accordance with the standard support pattern; the
length of all rockbolts is set to be 8000 mm, and the thickness is 25 mm. Although the actual record
for the downward rockbolts is quite limited, we allow to use such a layout of rockbolts to observe the
structural response. The lower bound of the thickness of the rockbolt is set to 0 mm, and the upper
bound to 50 mm. As a result, the initial value of the design valuable st comes out to be 0.5. After the
tunnel-side tip of a rockbolt on the surface of the tunnel excavation is fixed, the length of the rockbolts
is altered by moving the other tip toward the axis direction of the rockbolt. Of course, it is possible to
move the coordinate of the end tip two-dimensionally. However, in such a case, some rockbolts may
cross each other because of the change of angles of rockbolts during optimization. To prevent such a

Figure 8. Ground structure model.

Table I. NATM: material properties.

Young’s modulus (N=mm2) Poisson’s ratio

Rockbolt 240,000 0.2
Natural ground 50,000 0.25
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(a) isotropic ground pressure (b) ground presure from the sides
(c) ground pressure

in the vertical direction

Figure 9. Forms of assumed ground pressure (upper figures), undeformed meshes (black), and deformation
modes (green) of unreinforced natural ground: (a) case when the structure is subject to isotropic ground
pressure, (b) case when ground pressure from the sides dominates, and (c) case when ground pressure in the

vertical direction dominates.

situation, the initial angle of each rockbolt is set to be unchanged. The coordinate origin O in the para-
metric space of sl is set on the corner at the bottom left of Figure 8. And, as explained in the equality
constraint, the total volume of the rockbolts remains unchanged during the optimization.

In this example of the NATM, we assume for simplicity that the ground pressure is to be released
after excavating the tunnel. Here, three cases of optimization under different loading conditions as
illustrated in Figure 9 are demonstrated: (a) subject to isotropic ground pressure, (b) the ground pres-
sure from sides dominate, and (c) the ground pressure to the vertical direction dominates. For the case
of Figure 9(a), the surface load is provided as a uniformly distributed load (10 N=mm), and for the
other cases, that is Figure 9(b, c), the maximum value of distributed load from horizontal or verti-
cal slanted shadow is set to 10 N=mm. The displacement-controlled node is set to the location where
the maximum displacement is observed in each loading condition. The following are the results of
optimization for the three different load cases.

5.1.2. Case: subjected to isotropic ground pressure. Figure 10 illustrates the optimization results of
the case that is subjected to isotropic ground pressure. The left side of Figure 10 shows the layout
of rockbolts after optimization, and the right side shows the uni-axial stress of the rockbolts. In this
calculation, we tried to maximize the stiffness of the entire structure for a prescribed displacement to
the vertical downward direction at the ceiling of the excavated surface .x,y/D .25, 000, 30, 000/, that
is, the displacement-controlled node. Of course, other nodes on the excavated surface may be chosen
as the controlled point because isotropic pressure is subjected. Figure 9(a) at the bottom shows the
deformation mode of unreinforced natural ground. As can be seen from these two diagrams, uniformly
high stress occurs around the excavating area, and thick and short rockbolts are laid out radially to the
center of the tunnel to reinforce the stressed area. Thickness of the rockbolts reaches a maximum of
50 mm. Here, some differences in the length of the rockbolts are seen, but it is understood as the influ-
ence of rectangular design domain. The results obtained show a layout similar to the standard support
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Figure 10. Optimization results subjected to isotropic ground pressure.

pattern. Thus, it was verified that the standard support pattern is effective with respect to the isotropic
ground pressure.

5.1.3. Case: ground pressure from side dominates. In case the tunnel is subjected to high ground pres-
sure from both sides, the tunnel shows a deformation mode to narrow the width as shown in Figure 9(b)
bottom. So, we set a displacement-controlled point at the center node of the left side of the tunnel exca-
vating area, .x,y/D .20, 000, 25, 000/, and the controlled degree of freedom is taken to the horizontal
right direction (plus x direction). Figure 11 shows the result of the optimization. Also, Figure 12 shows
the history of the value of the objective function, in which the function value is decreased rapidly soon
after the optimization calculation, and according to the increase of the number of optimization steps, it
is noticed that the value converged into a certain value. The total optimization step number is 70.

As Figure 11 shows, almost all materials for rockbolts are employed to reinforcement of side direc-
tions. The upward and downward rockbolts vanished with zero thickness expect for the top and bottom

Figure 11. Optimization results where the ground pressure from sides dominates.
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0 20 40 60
-8.2

-8.0

-7.8

Figure 12. History of objective function value.

short ones that reinforce the top and bottom part of the cross-section where the vertical compressive
stresses dominate.

This optimization result is reasonable and it was verified that the present optimization method pro-
vides optimal layout of rockbolts. However, in design, we expect rockbolts to act as reinforcement
against tension but compression. Thus, in the actual construction, the top/bottom short rockbolts for
compression may be removed. This results from that our objective function is based on strain energy
in which no distinction is paid between tension and compression.

5.1.4. Case: the ground pressure in the vertical direction dominates. In case the tunnel is subjected
to high ground pressure in the vertical direction, the tunnel shows a deformation mode to lessen the
height of the tunnel inside as shown in Figure 9(c) at bottom. The displacement-controlled point is set
at the ceiling of the tunnel excavation .x,y/D .25, 000, 30, 000/, and its controlled degree of freedom
is set to the minus y-direction.

Figure 13 shows the result of optimization, which is similar to that of the previous section except for
the direction of the ground pressure and does not indicate any new particular findings. However, the

Figure 13. Optimization results where the vertical ground pressure dominates.

Copyright © 2013 John Wiley & Sons, Ltd. Int. J. Numer. Anal. Meth. Geomech. 2014; 38:236–255
DOI: 10.1002/nag



250 J. KATO ET AL.

Figure 14. Structural model for reinforcing slopes.

Table II. Reinforcing slopes: material properties.

Young’s modulus (N=mm2) Poisson’s ratio

Rockbolt 240,000 0.2
Natural ground 50,000 0.25
Natural ground (hard) 75,000 0.25

reliability of this method is verified in the sense that a series of algorithms for multiphase layout opti-
mization can steadily provide a similar optimization solution, even when the direction of the natural
ground pressure is altered. As the changes of the value of objective function shows similar tendency to
the previous one, it is eliminated here.

From the aforementioned text, the rockbolt layout optimization method based on the multiphase
layout optimization is verified to provide the most reasonable layout for tunnels under the anisotropic
natural ground pressure.

5.2. Rockbolt layout optimization for reinforcing slopes

As the second numerical example, the layout of rockbolts is optimized for a reinforced slope.
Figure 14 is a structural model of the reinforced slope used for this example. Here, a stratum con-
sisting of three horizontal layers by inserting a comparatively hard layer in the midst is assumed. A
uniformly distributed vertical load of 1 kN=mm is applied, and six rockbolts are installed perpendic-
ularly to the slope. In this design problem, we assume that the displacement at the top corner of the
slope should be reduced by optimization. Thus, minus x-direction at the top corner of the slope is
simply chosen as the degree of freedom of the displacement controlled node. Embedded reinforcement
element based on 8-node quadrilateral element is applied, and the total number of elements is 410.
Linearly elastic materials are employed similarly to the previous examples, and the material properties
are shown in Table II. The initial values of length and thickness of the rockbolts are set as 5000 mm and
25 mm, respectively. The lower bound of thickness of the rockbolts is set to 0 mm and the upper bound
to 50 mm. The tip of the rockbolt is fixed on the slope, and moving the other tip to the axis direction
alters the length of rockbolts. For reference, Figure 15 displays the distribution of shear stress of the
natural ground before reinforcing, and Figure 16 shows the distribution of uni-axial stress in rockbolts
before optimization.

In this section, two different cases with respect to the maximum length of rockbolts are applied. The
first case is that no limitation on the maximum length of rockbolts within the design space is placed.
Incidentally, in the following examples, length of rockbolts is introduced as the result of optimization
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25.0

-30.0

Figure 15. Distribution of shear stress of unreinforced natural ground.

10.0

-27.0

Figure 16. Uni-axial stress of rockbolts before optimization.

50mm

0mm

10.0

-30.0

thickness:  50mm
length: 13900mm

thickness:    6mm
length:   9000mm

Figure 17. Optimization results without limitation for maximum length of rockbolts. (a) optimized layout
and (b) uni-axial stress of rockbolts.

instead of listing the optimal coordinates of the endpoints of rockbolts sl because it is easy for readers
to understand the optimal layout of rockbolts.

Figure 17(a) and (b) shows the optimized layout of rockbolts and its uni-axial stress distribution for
the former case, respectively. The total number of optimization step is 196. In this case, most material
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10.0

-27.0

50mm

0mm

thickness:  40mm
length:   3200mm

thickness:  50mm
length:   6000mm

upper 2 rows

thickness:  13mm
length:   1500mm

4th row

3rd row

Figure 18. Optimization results with limitation for maximum length of rockbolts (6000 mm). (a) optimized
layout and (b) uni-axial stress of rockbolts.

for rockbolt assembled at the sixth row (top row) and the thickness of the row reached the maximum of
50 mm with almost 14 m of length. However, this rockbolt reinforces the most severe location, where
the compressive stress in the rockbolt reaches 30 MPa. The sixth row rockbolt plays a significant role
in preventing the possible circular slip of natural ground for slope stability. The fifth row also plays
a role in reinforcing the slope by fixing to the hard stratum. For this reason, the obtained layout of
rockbolts should be structurally reasonable. However, length of 14 m of rockbolt is too long from a
viewpoint of the actual design in geotechnical engineering.

The second one is that the maximum length of the rockbolts is set to 6000 mm in considering the
actual construction work. Figure 18(a) and (b) shows the optimized layout of rockbolts and its uni-axial
stress distribution, respectively. The total number of optimization step is 83. In this case, the thickness
of the upper two rows of rockbolts reached the maximum of 50 mm, and the length reached the upper
limit, so as to reinforce against the stress concentration. Also, the length of the rockbolts on the third
and fourth rows is changed in accordance with the magnitude of stresses. This layout of rockbolts rein-
forces the entire slope in average sense. On the other hand, the thicknesses of the two lower rockbolts
become almost zero; this reduces the number of rockbolts.

From these results, it was shown that the method for multiphase layout optimization can successfully
apply for reinforcing slopes by rockbolts in the sense that the optimized layout provides a mechanically
reasonable from a viewpoint of the actual design.

To summarize, multiphase layout optimization is a very effective method for reinforcement design
because changing only two design variables, that is length and thicknesses of reinforcement, can
control the number and location of reinforcement indirectly.

6. CONCLUSIONS

The aims of this study are as follows: (i) to develop a method for maximizing the stiffness of the entire
structure of the natural ground by applying the multiphase layout optimization to the rockbolt support
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systems, which are used in the NATM and reinforcing slopes; and (ii) to verify the applicability of this
method by confirming the differences with the traditionally used standard rockbolt-support pattern.

Results of our study are described hereunder.

� The study formulates a method to maximize the stiffness of a structure by maximizing the strain
energy for a prescribed displacement at the specified controlled point, contrary to the traditional
method to minimize the strain energy. By this method, even if unexpected deformation exceeding
the prior assumption in the excavating site of the tunnels is confirmed, the optimized rockbolt
layout to restrain the deformation can be determined with the top priority.
� In the numerical examples, mechanically reasonable optimized structures were obtained in each

case. Also, in the case of providing an upper bound of the length of the rockbolts due to con-
struction work, satisfactory results are gained similarly. Including the aforementioned results, the
method is verified to have enough feasibility for application to actual design.

Subject for further research is considered to be as follows.

� It is necessary to extend the method of optimization to consider nonlinear material properties
for more actual rockbolt layout, because the materials of natural ground actually exhibit very
complicated behavior.
� Although the rockbolts are fundamentally used as tension members, in case of the objective func-

tion based on the strain energy, compression and tensile strength are treated equally without
distinction. In this connection, it is considered that if we can formulate an optimization problem
to exclude the influence of compression stress of the rockbolts, it will produce a more effective
rockbolt layout.
� Although 2D models were demonstrated in the present paper, the extension to 3D model is

essential to achieve a more realistic design for natural ground reinforcement.

APPENDIX A: SENSITIVITY OF OBJECTIVE FUNCTION

Here, the sensitivity of the objective function rsf with respect to the design variable s shown in
Equation (23) is derived. To avoid the complexity of the equation, the design variable sD ¹st[slº, and
T � T " are used here. First, by using the stress–strain relation, we rewrite Equation (18) as follows.

f .s/D�

Z
�rCb

"TCG"d�rCb, (26)

where CG is a linear material stiffness matrix in the global coordinate system. Equation (26) is
rewritten, dividing by each material as follows;
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Cb
G is the material stiffness matrix of rockbolts in the global coordinate system. Then, after the first

term of Equation (27) is extracted and differentiated by design variable s, the following equation is
obtained,
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Here, by using the relation of "b DBbd , we arrange Equation (28) as follows.
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Then, the 2nd term of Equation (27) is differentiated by design variable s. In this calculation, as the
following function and terms for natural ground,B r, Cr, and d�r, do not depend on the design variable
s; their differential terms become zero; thus, the equation can be simplified as follows.

rs
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r. (30)

However, rsd in Equations (29) and (30) is not obtained explicitly. Therefore, by using the virtual
work Equation (13), we derive rsd indirectly.

First, the whole Equation (13) is differentiated with respect to design variable s. In this study, the
traction force vector, Ot, is assumed to be independent of design variable s, and the virtual displace-
ment, ıd , does not depend on s because of its arbitrariness. Based on this assumption, Equation (13)
is differentiated with respect to the design variable s as follows.
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The aforementioned equation is expanded in turn and arranged by transferring the terms includingrsd
to the left-hand side and the others to the right-hand side of the equation as follows.
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(32)

To obtain the sensitivity rsf of Equation (27), by adding Equations (29) and (30) and by substituting
Equation (32) into it, the equation is arranged as follows.
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As the
R
�b

BbT
Cb

GB
bd�b is a stiffness matrix K b of the rockbolts shown in Equation (15), the

sensitivity of the objective function can be expressed as follows.

rsf D�d
T.rsK

b/d (34)

D�dTrsKd , (35)
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where rsK
b is replaced by rsK simply to use the program to build a global stiffness matrix K

by assembling stiffness matrices of embedded elements in structural analysis. As a matter of course,
the differentiation of the local stiffness matrix of natural ground with respect to the design variable,
introduced in Equation (15), is rsK

r D 0, and it does not affect the sensitivity produced by the
aforementioned equation.
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